We consider gauged WZW models based on a four dimensional non-semi-simple group.
Introduction
A large class of Conformal Field Theories (CFT's) can be constructed by using current algebras [1] [2] . Models where the full symmetry of the action is realized in terms of current algebras are the WZW models [3] based on a group G. By gauging an anomaly free subgroup H of G we obtain new conformal theories or coset models G/H [2] [4] [5] . Both WZW and gauged WZW models [6] are very important in understanding String theory since they provide exact solutions to it and the current algebra description makes the theories solvable. Compact groups were used in the construction of such models in String compactifications as internal theories where the space-time was taken to be Minkowskian.
Later non-compact groups were used for non-compact current algebras and coset models that provided exact String models in curved space-time [7] [8] . Explicit constructions of the geometries corresponding to gauged WZW models was done in the recent years (see for example [9] [10] [11] [12] ) including all order corrections to the semiclassical (leading order) results (see for example [13] [14] ).
So far the attention has been concentrated to the cases where simple or semi-simple groups were used for reasons that will become obvious. In a recent paper Nappi and Witten [15] showed how to write a WZW action for a non-semi-simple group. They considered the algebra E Then parametrizing the group element as (summation over repeated indices is implied) diagrams that can even be drawn [15] . In fact there is an alternative way to understand the absence of higher loop corrections. If we change variables as [15] 5) then the action (1.4) reads
In this form it can easily be shown that it is equivalent to a correlated limit of the WZW action for SU (2) ⊗ IR. For the latter model, if we parametrize the SU (2) group element as
2 φ e i σ 1 2 θ R and the translational factor IR in terms of the time-like coordinate y, the action is
2) u and take the limit ǫ → 0 the action (1.7) becomes identical to (1.6). The absence of higher loop corrections in (1.6) is then attributed to the fact that such corrections are also absent in the WZW action for SU (2) ⊗ IR (except for a trivial overall shift in the value of k ′ ). Notice also that after the rescaling the periodic variables θ L and θ R take values, as x 1 and x 2 , in the whole real line.
As in the case of WZW models based on simple or semi-simple groups one can obtain new conformal models by gauging anomaly free subgroups of (1.4). In this paper we consider the gauging of the WZW model of [15] with respect to the generator J of the Cartan subalgebra. In section 2 we consider the axial, vector and chiral gauging cases. It will be shown that our σ-models can also be obtained if a specific limit in the 3D charged and neutral black string models based on SL(2, IR) ⊗ IR/IR are taken. In particular the limit is such that it 'explores' the region around the curvature singularities present in the latter models. By performing a duality transformation we show that all of our solutions can be mapped to flat spacetime solutions with zero antisymmetric tensor and constant dilaton showing that these singularities are harmless from the point of view of String theory.
In section 3 we are identifying the exact CFT corresponding to the σ-model solution of the previous section as a particular case of the models of [19] [20] with c = 3. Using the Hamiltonian for this CFT we compute the exact expressions for the metric and dilaton fields. We end this paper with some concluding remarks in section 4.
Axial, vector and chiral gauging
In this section we consider different gaugings of the WZW model for E c 2 with respect to the U (1) subgroup generated by J, i.e. E 
Axial gauging
Consider first the case of the axial gauging (it turns to be the most interesting one) which is not anomalous since the subgroup generated by J is abelian. In this case the gauged WZW action is (see for instance [9] [21])
The action S axial is invariant under the following gauge transformations
The easiest way to realize that is to use the commutation relations (1.1) in order to rewrite the above action (2.1) in the form
where we have defined
Gauge invariance of (2.3) under (2.2) is manifest upon realizing that δa 
one can cast S axial in (2.1), in the usual form of a gauged WZW model
where we have defined the gauged fields as A = ∂φ andĀ =∂φ. To obtain the σ-model we have to fix the gauge and integrate over the gauge fields. A convenient gauge choice is
The resulting σ-model action is (we will denote ρ = a 2 )
Let us assume that b > 0 and define the rescaled variables r =
Then the metric, the antisymmetric tensor one reads off from the action (2.7) and the dilaton induced from integrating out the gauge fields are given by only one component which can be parametrized in terms of a scalar H as H µνρ = ǫ µνρ H.
In our case
Then in D = 3 the 1-loop equations for conformal invariance (see for instance [24] ) can be written as [25] β
2 This gauge fixing introduces a Faddeev-Popov factor (F P ) ∼ a 2 in the path integral measure.
This factor should combine with the original measure in the path integral for the gauged WZW model (in our case is the flat one) to give e Φ √ G [22] [23] . The fact that this is indeed the case can be verified using the appropriate expressions below.
We can explicitly compute the relevant tensors
with the off-diagonal elements being zero and the scalars
One then can easily verify that the equations (2. 
If we take the following correlated limits z → ǫ(r 2 − 1),
and ǫ → 0 then (2.12) becomes (2.8). 3 One might wonder what the physical meaning of such a correlated limit is. It is known [10] that the black string geometry (2.12) has a curvature singularity at z = 0. Our limit corresponds to 'magnifying' the region around z = 0. The outer and inner horizons for z = q 0 + 1 and 3 It is interesting to note that there is another limiting procedure one can follow in (2.12) (or by analytically continue (2.8)) leading to a solution with a different physical interpretation. 
Applying this transformation to the background in (2.8) for the isometry in the x-direction we obtain
After we make the shift of the coordinate y → y − x we see that the metric becomes the Minkowski metric in three dimensions, i.e. ds 2 = 4b dr 2 + r 2 dx 2 − dy 2 . If we apply (2.13)
for the isometry along the y-direction we get (we also have to shift x → x + y )
Obviously this solution can also be mapped into the background corresponding to the flat Minkowski space-time with zero antisymmetric tensor and constant dilaton by performing a duality transformation in (2.15) along the x-direction.
Vector and chiral gaugings
Let us now consider the case of the vector gauging. In this case the action is [6] 
(2.16)
As in the case of the axial gauging it is convenient to cast (2.16) in the form
but now with definitions
Then it is easy to check that the action (2.16) (or equivalently (2.17)) is invariant under the vector-like gauge transformations
The result of the integration over the gauge fields is (As before we fix the gauge by choosing a 1 = 0 and we denote ρ = a 2 . We also perform the shifting v → v − bu) to an analytically continued version of (2.15).
Let us consider briefly the case of chiral gauging which, generically, gives rise to σ-models that are inequivalent with the corresponding models one obtains in the usual cases of axial and vector gaugings. Nevertheless, they will also be conformally invariant because the action one starts with, before integrating out the gauge fields, can be written as the sum of three independent WZW actions, as it was discussed in [30] . Namely, in the chiral gauging case the action has the form [31]
The above action is invariant under the chiral gauge transformations )). This is similar to a relationship between axially gauged and chiral gauged WZW models found in [30] for the case of simple groups and if the subgroup is an abelian one.
Operator method
In general there are α ′ ∼ 1/k corrections to the semiclassical expressions for the σ-model fields one obtains by integrating out the gauge fields, as we have done so far, in the gauged WZW action. 4 One can find the exact expressions for the metric and dilaton fields we have obtained in (2.8), (2.21) by identifying the underlying exact CFT. As in was noted in [15] using the OPE expansions
one can show that the stress energy tensor defined as It is convenient to express the zero modes of the holomophic currents in (3.1) (and of the corresponding anti-holomorphic ones) as first order differential operators. We compute the 'left' and 'right' Cartan forms
From the above we compute the following matrices defined as g
and their inverses
The first order differential operators defined as
commutation relations (1.1) and commute with each other. Explicitly they are given by
As usual the metric and the dilaton in any WZW model (gauged or not) can be deduced by comparing [13] [14] HT = (L 0 +L 0 )T with 
which upon inverting it gives the metric corresponding to the σ-model (1.4), but with
One might think of the shifting as a quantum correction to the semiclassical result in (1.4). However, this it does not really matter since one can absorb b into a redefinition of v (however it will be important for the gauged models that we will shortly consider). The dilaton turns out to be constant in this case as expected. For the D = 3 model case one should choose gauge invariant tachyonic states T because of the gauge symmetry [14] . For the case of the axial gauging we have the constraint
Then the result for the inverse metric is (with X µ = {v, x, ρ})
After we invert it and change variables as x = ρ cos u 2 we obtain the metric and dilaton
The above expressions become equivalent to the ones in (2.8) for large b. To obtain the result of the vector gauging one has to impose the constraint
In this case one obtains 
Concluding remarks and discussion
We considered various gaugings of a one dimensional subgroup of a WZW model based on a four dimensional non-semi-simple group. We explicitly demonstrated that the three dimensional σ-models we have obtained can be derived by taking a correlated limit of models of gauged WZW based on semi-simple groups. In particular the limit we took corresponds to 'magnifying' or blowing up the region around the curvature singularities in the latter models. We show that our backgrounds, although they still have curvature singularities, can be mapped to flat spacetimes via duality transformations which renders these singularities harmless. In contrast the singularities of the original models which were based on semi-simple groups were more severe (although still not peculiar from the CFT point of view [9] [21]) in the sense that duality transformations cannot remove them, i.e.
both the charged and the neutral black strings have curvature singularities. 5 To compute the exact antisymmetric tensor one needs to use an effective action approach.
Assuming that in our case it can also be obtained as a limit of the corresponding expression in the charged black string case one can show that both prescriptions of [25] give for it the semiclassical expression of (2.8).
It will be interesting to construct other WZW and gauged WZW models based on nonsemi-simple groups. If the conclusions we drew by considering the particular examples of this paper are generalizable certain gauged WZW models based on non-semi-simple groups describe the geometry of gauged WZW models based on simple or semi-simple groups close to the curvature singularities the latter models have. Then by duality transformations we might be able to map these space (which still have curvature singularities) to nonsingular ones. This in turn is very important in order to understand better gravitational singularities in the context of String theory.
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